Calculul placilor groase.

(Prof.dr.ing.G. Klimbetlian)




Academia de Stiinte Tehnice din Roménia
Sectia “Mecanici Tehnicid”

Ciitre membrii Sectiei
D-lui Catalin Turcoiu

Vi rugdm sé participati la sedinta de sectie din data de 8 Septembrie 2015
la ora 12% in sala din B-dul Dacia, cu urmatoarea ordine de zi:

1. Prezentarea lucrdrii “Calculul placilor groase” Prof. Univ. Dr. Ing.
Garabet Kumbetlian’;

2. Dezbateri stiintifice si tehnice ca urmare a prezentirii;

3. Componenta actuald cu membri titulari, corespondenti §i de onoare.

- Portofoliul de noi membri pentru perioada 2015-2016;

4. Diverse.

Presedinte Sectie
Prof. Univ. Dr.Ing. Polidor BRATU



Motto

“Cand te specializezi Intr-o anumita stiinta,
invata neaparat si Istoria ei. Aceasta te
lecuieste de orice dogmatism”

_ucian Blaga



Prin definitie “placile groase” sunt structuri spatiale,
in punctele carora toate cele 6 componente ale
tensiunilor pot fi diferite de zero. In consecinta,
problema placilor groase este o problema spatiala de
teoria elasticitatii.
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O prima solutie pentru placile groase a fost data chiar
de catre Saint-Venant, in traducerea cartii lui Clebsch
“Elastizitatr der festen Korper” (1862) si respectiv
“La théorie de I’¢lasticité des corps solides” (1883, dupa 21 ani).

Adhémar Jean Claude Barré Rudolf Friedrich Alfred
de Saint-Venant (1797-1886) Clebsch (1833-1872)
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Solutia lui S.Venant a fost “amendata” (la randul ei) de Isaac
Todhunder si Karl Pearson in cartea lor “The History of the

Theory of Elasticity” (vol. 11/1 p.217, 1893), la 7 ani dupa
moartea lul.

Isaac Todhunter (1820-1884)  Karl Pearson (1857-1936)
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O alta solutie si o discutie A.E.H. LOVE

asupra teoriel exacte a
placilor a mai prezentat si

John Henry Michell

(26.10.1863-03.02.1940),

teorie dezvoltata ulterior de
Augustus Edward Hough

Love
(17.04.1863-05.06.1940)
1n cartea sa de elasticitate.




In “History of Strength of
Materials” a lul  St.P.
Timoshenko (1953 si 1983) si
mai ales in “Theory of Plates
and Shells” a lul Timoshenko
si S.Woinowsky-Krieger
(1959) sunt amintite si
contributiile Tn acest domeniu
ale lur B. Galerkin, G.P.
Birkhoff, C.A. Garabedian,
A.C. Stevenson, L. Leibenson,
Luries.a.)

St.P. Timoshenko




calculul
« constructiilor

La noi, in ,,Manualul pentru calculul
constructiilor” aparut Tn anul 1977 n
Editura Tehnica, din cele 1392 de pagini ale
sale, problema placilor era prezentata in
sectiunea a VI-a, Tn cuprinsul a 213 pagini.
Problemele speciale de placi erau
prezentate in capitolul 11, pe intinderea a 3
pagini, iar problematica placilor groase era
tratata (In cadrul acestui capitol) in
paragraful 11.3 in 13 randuri. In cadrul
acestul paragraf se admitea, ca “placile
groase pot fi studiate doar prin metodele
teoriel elasticitatii spatiale”. Erau citate
doar trei lucrari ale unor autori care
dadusera solutii, dar numai pentru placi
circulare incarcate axial-simetric.



Si aceasta in ciuda faptului ca inca din anul 1973
MIRCEA MISICU elaborase: ,,Exact theories of thick shells,
derived by means of the method of transversal mobility of

physical fields, and correlations with other theories” [1].
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Mircea Misicu trata problema placilor
groase ca 0 problema inversa de teoria
elasticitatii spatiale, precizand ca: “solutiile
stabilite corespund unor incarcari descrise cu
ajutorul unor functii armonice”. In anii
urmatori am abordat si eu problema placilor
groase, numind solutia problemei:

“A general model for the calculation of thick
plates and rods”. Iata Tn ce consta:



A GENERAL MODEL FOR THE CALCULATION OF THICK PLATES
(AND RODS)

by G. KUMBETLIAN *

This paper presents a general theorelical model for the calculation of thick plates (and
reds) under bibarmonic loads, which satisfies the large majority of loads met with in
practice.

1. GENERAL CONSIDERATION

The problem of the correct caleulation of thick plates has concerned
many authors lately. But the solutions already suggested are cither
inapplicable due to the complexity or to the lack of correlation of the
elastic constants with the real physical ones of the plate, or the above
solutions are erroneous due to the neglecting of some terms of the same
order with other terms included in the solutions.

In [1) and [2] the displacement field of the elastic body without
mass forces (subjected to some static loading) has been defined by the
functions
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Sy (- IHAW, 4 ®)4ia'1 Q,,),
& (2i41)!

. '}‘;(,2:;"";)!( 1) [AY(W yy+9) + iA10,, ], (n
LI ik
w g (vﬁi)r! (—1)'[A'W 4 A1 Q),
by means of the (V¥ + 1)-harmonic representati m functions @, ¢ and Q
AMH D = AN ) = AN = 0, (2)

and of the (N + 2)-harmonic displacement W

AV W= 0, (3)
given by the relations
AVHIW (N +1)A%Q 0 (4)
* Marine Institute, Copstan{a
Rev. Roum, Sci. Techn. —Méc. App!., Tome 23, N° 2, p. 249 - 262, Bucares t, 1978

Am luat Tn considerare (ca
“punct de plecare”) functiile
deplasarilor (u, v si w) (1) unui
punct oarecare al placii,
functii definite de Misicu [1]
sub forma unor sume
convergente pentru i=0,1,...N,
in care z este cota punctului
placii Tn raport cu planul
median, ®, ¥ si Q [din(1) si
(2)] sunt “functii de
reprezentare (N+1) armonice”,
lar “W [din (1) si (3)], este
functia (N+2) armonica a
deplasarilor punctelor din
planul median al placii”.
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S . “Q (5), la randul ei, este o
2008, G i functie de ®, V¥ i de

=)

in which A = 9%/da® 4 0%/0y*, and v is the coefficient of transversal con- Coefi C i e ntu I d e contraC!:ie

traction of the material.

In order to reflect in adequate t 1 the infl hich com- -4 29 A
ples i feuoh,  bilarmasnle i) csmld exert on the N Hies transversala V. Acce ptan d
of a thick plate (or rod) and starting from a finite displacement field as
shown in (1), a general model has been established with solutions in dis- ' - =
placements, ’s;esses, cox:ll}(:lez an; forces for t];li:k plate: o(m- 1([))l;r\allelipi- aceSte p re m |Ze y am d efl n It

pedic rods) with loads as those mentioned above.

~The model can be also applied to the calculation of plates under “M d l l I d l -

B ler lateral load: rell o th leulat f th lates t
i i ey odelul  genera € placa
roasa”, exprimand mail intai
2. THE GENERAL MODEL FOR THICK PLATES (AND RODS), UNDER LATERAL g 9 p al mmtai

BIHARMONIC LOADS
o/ [ ]

21, SOLUTIONS (N DISPLACEMENTS deplasarlle u . V si W (6) pe ntru

Below, we shall consider that on one of the laferal surfaces of the

plate on which the load p=p(z, y) acts, the plate displacements accord- p ri m i i pat r u te rm e n i (N — O eee 3)

ing to relations (1), for N = 3, are given by

and

2241

o= B i VO e+ a0, al sumelor (1), functiile ®, ¥, Q
s B, 14 * (si implicit deplasarile) urmand
(2 -ata s tade, e a fi explicitate, la randul lor, n

( e i - raport cu  caracteristicile

- et geometrice (h) fizice (E,v) si
. ' ' mecanice (p) ale placilor.
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Thus conditions (2), (3) and (4) take the form

A'D = A% = A'Q =0, (7)
ASW =0, (8)
and
MW = — 4A%Q. 9)
We denote by
o* =o(, ¥, 1h/2) (10)

the stresses on the lateral surfaces of the plates. The stress strain rela-
./ tions are

0y =8yA0 + 2peyy = dhaty; + ey + ). (11)

Taking into account that the normal stresses are odd functions of z, and
the tangential ones are even functions of z, the boundary conditions on
the lateral surfaces of the plate may be considered

ok +o5 = 0; o, + o5 = 0,and of; —o5; =9, (12)
in which
g = Wllye + Us,5) = 1ty + 0y,) . (13)
and
Oy = Wily,z + Us,y) = @0y + Wyy). (14)

Introducing in (13) and (14) vthe displacements given by (6), we get

L i & i {

' on=u[(1—-2—!-A+I!~A=~-E!-A=)(2W,,+0)— .
(15)

2 ot i, ‘
~3(55 28 47 +Egief o]
and
2t o 28

e | Sy (LA

(16)

73] A i £
—2(27 -3 a5l )n,,].

In acest scop am tinut cont, ci
pentru placa sub sarcini normale
pe planul median, (p(x,y)=p),
tensiunile tangentiale Oxz, si Oyz
din suprafetele laterale (z=th/2) ale
placii  trebuie sa fie nule,
Oxz(xh/2)=0, Oyz(xh/2)=0 si am
exprimat aceste tensiuni in functie
de deplasarile u,v si w:

(13): 6xz=p(U,z+W,x)

(14): Gyz=p(V,z+W,y).

Tnlocuind Tn (13) si (14) deplasirile
(u, v si w) din relatiile (6), au rezultat
tensiunile din relatiile (15) si (16)
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From the first condition (12), we geét

[1_ 0»2/2’) o (h/z) o (lgé,?_')iAg]‘@W,,+ o) —

(17.1)
' 2[ (Rj2)* 9 (h/2)* A+3 (h/2) ]Q" =0,
21 4! !
and, from the second, X
(h/2)* (R/2)* 2, (R/2)*
[i:— s + B 28 A](zw +4) -

(A7.2) -

21 T

Deriving the terms of these two equations with' respect to =
and ‘Y a.nd mmmating wb obtnm A

[1_ SO A 4 BB (’;’?’ As ](2Aw + 0, + 4l —

2! 4!

(17.3)
4 [(W) g B2ty g 2P, ]An 4%
2L 4! 6!
or, taking into account (5), from which it follows that
‘0., + o =i~ )0 (134)
we get ' ’ ;
[1 & (h;ﬂ:’ A (b/f)‘ AL — (5/2)" ][2AW T 2(1 —v) Q] — i
5
e [wz)' _ o P RO A'] a0 =0
21 4! 6!

Multiplying and taking into account (9) we have

(h/2)* (B]2), » Lo — @ Lol )
[252 N A']A\W+[2(1 v — (@ v)(z)A+

(18)

_ (M2 o M2E g
i A? 42 5t A'] 0.

si care in suprafetele laterale
ale placii trebuie sa fie nule.
Din conditiile la limita pentru
aceste tensiuni (la z=£h/2) si
prelucrand convenabill
relatiille (17.1) si (17.2)
obtinute, am dedus relatia
(20), care poate fi scrisa
(amplificata cu rigiditatea D
a placii), sub forma:



R e it = DA3Q:D(A2)2W:O (20)

After the application of A, and taking into aceount; (7) iwe further
obtain

 comiRen i i = ey Pe de alta parte, aplicand

(19)

~+2<1+v)(—’;/3:):'1‘a-‘: OperatOrUI Az asupra

"Appling again' A and taking into' acéount (7) ‘we get . -
ook oo o« (a0 p(5 Y _onp ecuatiei placii, (DA*\W=p),

Introducing (9) into the term: with A*W and performing the calcu-

B e rezulta, in conformitate cu

201 — AR = —203W, — (2 + v)( i)'Am. (19.2)

Anwapplmun of A, talungmt account. (7), leads to 2(1.— v) relatia (20), C{l

AQ — —2A"W, and, taking into accqunt (9), we deduce the eonhnmn
: o, AR =AW=, (20) D(AZ)ZW_AZ _O
Applying A? in the equation of the_ plate DA*W — p; we get - p - )
DAW ~ A'p 0, i

;:c.hsh ows that the t,heor!d elo}mdlsvahdf r transversal biharmonie ceeace denOtﬁ Cé teoria

Int.rodu cing (20) inte (19.2) and taking into account th equntlon

W AR AR N Y dezvoltata este

s e i S ;
1—v s e G gl 4

St (1), s ki s st 4 DAY = 3, compatibila pentru o

resu
1

An=—_” 2T T “)AW_—

T )( (o varietate mare de sarcini,
Inclusiv biarmonice.

@I—=wD- 201 —wp \2
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Peiforming the oalonmions in (18) ‘and taking into!aceount (20),
we get

L) 2y B
24?' (Z)KA'W+2 O AW 30— 90
—(2 —v) (_’L)'_Aa,-{- 55— ) (_"E)_'_ ANl

Putting A*W = p/D and substituting AQ and A*Q by (21.1) and
{20.1), we have

e, v)-"(_{) D N7 15?1 —2:)' (?) ree

(21.2) v

Jg®. oo (L”p AW 5 2\.-(“&,
2(1—v)? D 1-—v 1201 — vy ) |

Developing the first equation (17), we obtain

aw,, ~ 2000 a4 9 COE peyr, 9 OBE oy, o0

2!

(1/2)‘

+a BB g (m" 2P psg,, <0

After the application of A% and taking into acoount (20) it resalts

A% = — AW, _—-i;— and A% = — AV, ._,_?;‘%:r._ »

(22.1)

Also, applying again A® and taking into account (22.1) and (20.1)
wé obtain’ :

Dz 1 h\? Apu '
M= —glz_ 1 (BY A9, ,
D I—V(Z) D i

and

SRR T (—"—)'—~—A”".
\ D Ti—wi8) D

(21 .4)f

U JORNU JURT.. SRU P @
6!

S

Introducand (20) Tn (19.2) si tinand cont
de ecuatia placii, obtinem relatia
(20.1). Introducand-o pe aceasta in
relatia(19)si tinand cont ca DASW=Ap,
rezulta, dupa efectuarea calculelor,

expresia AQ (21). Efectuand calculele
in (18) si tinand cont de conditiile (20),
obtinem relatia (21.1). Luand in
considerare ecuatia placii si inlocuind
AQ si A’Q cu (21.1) si (20.1), obtinem €2
(21.2). Dezvoltand prima ecuatie (17)
obtinem relatia (22). Dupa aplicarea
operatorului A® si luand in considerare

conditia (20) obtinem expresia A’® (22.1).

Aplicand din nou operatorul A? si
tinand cont de relatiile (22.1) si

(20.1) obtinem expresia finala pentru A’®
(22.2) si analog pentru A*'Y .
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Finally, appfyfng A and performing the caleulations, it results
1 ( )2]),, 15 — 14y + 5v 8( )*Ap
1-% 29 p 120 v)’ 2/°D

and /in o simila? way © - = § o e T 151

13

AQ’- — 2AW,, —

'2,_&~15—14v+5~v2

1 3 h \* Ap
A= e oAWSL. = [T A A Bl & 1
v =2 1_—v(’2) b 12(1 ~ (2) b
£t ted (22.4)
Subsmntmg all these relations ‘into (17), we 'get >
T 2
q,*_gw __L(l) AW,, — 5—2v (h)‘&_
. g1 E AR 31+ v)e D
111 — 147 + 91y £ - 25y 3 h ‘Ap o
= o 23.1
511 — v)® (2 ) D o)
and similarly we have
X ; s | :
£J . " =
b= —2W,, ___l_g(l) AW,, — 5 —2v .h_')‘&_
' 1—v\2 i o3(m—wr\e LD
111 147y + 9142 — 25v3( Ap :
23.2
51 (1 —v)3 2 ) D ( )

After substituting expressions (23), (22) a,nd‘(2i) into (6) w,e> obtain
the following expressions for displacements

1 i v[(g)zz ) e )-gi]Aw,,_
T E RS -
|

111147y +91v‘-~253(k)‘z 20 31y 4192 —58(
511 — )

uz—zW,z—

9] ¥E 19— )

2 2cv (BY P 4y SN,
'Xa.—{i(]—»v)" (2) ! _.7!.] > (24.1) -

In final, aplicand A si
efectuand calculele, rezulta
expresiile A® (22.3)

si analog, AW (22.4).

Inlocuind aceste relatii in (17),
rezulta expresiile finale ale
functiilor ®(23.1) si ¥(23.2).
In sfarsit, dupi inlocuirea
expresiilor (23), (22) si (21)
In relatiile deplasarilor u, v si
w din (6), obtinem forma
finala a functiilor
deplasarilor “u”, din (24.1),
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1—v 2 !
[ By BBy B |22~
.[6(1——\;)2(2) 21 — v)2\ 2 3 1—v

D
[111——147v+91v2—25v3 ( h )6 , _ 20 —31v+A0v-Bvi{ R\~
— ~ag T \2

51(1 —v)? 12(1 — v)?

#B. 2=y (h) i 44—y 2" TApy
e BTE ey SN 24.2)
><:3'!4_(1—\.)2(2) ! v !] D (

v ety 1 i ol AT S et i
w=W+1—v'§*!ATV+[ v2(2 ‘2! v !] %

L 1 R S
[12(1—v)3(2) 2! (1 —v)2\2 4! 1—v 6!]1 D
The dilatation function will be

1—2y i AN
O=u,, + v,y + w,, = 1 {—~AW— [2(1 opr (?) ‘22—

23 12p(1—v2)_ B9y -(ﬂ_)g.y____l__*_(ﬁ_)z,i_}_
3!] En? [12(1—\,)2 g ) oy e s

25 1124p (1 — )]
+T']T} (25)

2.2. STRESSES

The stresses will be calculated by means of the relations

oy = 8yA0 + 2pey = 8A0 + w(we, ; + uy,4) (26)

or
Ev E
=3 0 + Uy, 5+ Uy,
N =29 2(1—|—v)( 41 ¥ )
or finally
E [ v 1
= 3, 0+ —(us;+u ] 27
ij 1+vli]1-2v +2(4.J 5.4) (27)

“v” (24.2), “w” (24.3) siin
consecinta, functia dilatarii,

0=U,x+V y+W. z, din (25).
2.2. TENSIUNILE

se calculeaza cu ajutorul
relatiilor cunoscute, (26):

Gij=0ijA0+2¢ij,

Gij=0ijA0+u(Uij+Uj,i),
in care A si p sunt coeficientii
lui Lamé, A=Ev/(1+v)(1-2v)

si n=E/2(1+v)
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Thus
E v
22— U] Uyz e
i l+v[l—2v +’] ) (2?'/1)
from which, introducing 6 and u,. we obtain 1
g2 _2-—v(2Y\].4
s Woes + VW, i ()]hQ\W ”
. { 2( w) + [ v h 6

3v z \" —2v 2z
[2(1—v> h 2"(7{)]” [8(1 >7§_4(1 )( )+
3—v i‘ g vb—2v) =z v 2
¥ 10 (h)]hp"’ [16(1- v h 41—y )(h)+

s
+L(i) ]h,Ap_[lu 147y + 91v! —26v* 2
10 \ & 640(1 — v)? h

_20-—31v+19v’—5v3‘(3_)'+ 2—v (i‘_

96(1 — v)? h 40(1 — v) h)
4—v[f2Y

— — | | 3*Ap,,.. 28
420 (h)J p’ =)

The maximum stresses o.,, appear in the lateral surfaces, for
z=h/2, for which

E
=_1_v2{;(wux+vwvu)+ 4+thW }—

xx
max

L o 2
W2k v v, e — 12y 4 )hAp_
41 — v) 320(1 — v) 320(1 — v)?
— Y 3
3342 — 4121y + 2638V1 690V, (29)

53.760 (1 — v)?
and analogously

:-E{(W+W)+

Oyy,
‘max T

hAW,,} Bk,

4(1 — v)
78 — 24v 4 v v(41 — 12v 4 ¥)
_B oM+, M e At A
3200 —v) ™77 33001 — vy ®
3342 — 4121y + 2528+2 — 699v?
. WA,y 30
53.760(1 — v)? e o

Astfel, tensiunea Oxx din
(27.1) devine, dupa
Introducerea functiilor 0
si U,x cea din relatia (28).

Tensiunea normala maxima

Oxxmax din suprafata
laterala, pentru z=h/2
devine cea din relatia (29) si

analog, Ovyymax, cea din
(30).
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Assuming that p = p(2,y) and hence Ap = p,.. + Py, We can
write further

h 44 v i
SRl 56y BT RV R S poAw,, 4~ o
s 1—.,'{2( B ’} -
73 — 56y + 13+* v(4l — 12v 4 +?)
- h*pyss — W -
32001 — v)? P 320(1 — v)? Pon
_ 3342 — 4121y + 2528+ — 699v? WA, 1)
53.760 (1 — v)*
and in a similar. way we have
O, '—_ﬁ{ (Woy + vWor,) + —— + WRAW,, } — v(2+v)_ -
o 41— v)
73 — 56v + 13v* v(41l — 12y 4 +?)
- k
32001 — v)' ’pur 32001 — v)? .? s
3342 — 4121y + 2528v* — 699
- ADyy. 32
53.760(1 — v)* P "=
The stress o, will be calculated by means of the relation
E
On= 3+ ) )( y + 0:) (32’ 1)
which becomes
B S SR 2—~v(z)\
e 1— W)W e o el TNAW. V-
- —v'{’( 5 ”'+[4 ok ek |

[:(1—2)'%‘4(1— ( )+ ( )]

_[111 147y + 9132 — 25v' 2z 20 — 31y + 192 — 5’(i'+
640(1 — v)? h 9%6(1 — v)! )

+4:(1——vv)(%)'_ 44-2_0" (%),]“Ap v idlo i

Tinand cont de functia sarcinii

P=P(Xx,y) si de AP=P,xx+P,yy,
tensiunile normale maxime

O xx,max si Oyy,max

pot fi scrise sub forma relatiilor
(31) si (32).
Analog se determina si tensiunea

tangentiala Oxy cu ajutorul
relatiei (32.1):

O xy=E(U,y+V,x)/2(1+v),

si care devine cea din (33).
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The maximum stresses o,, appear for z = k/2, for which

B 1 4
o= — {?(1 — AW, + %v—h’AW,ﬂ} 3

1 ©(34)
— — . e 3
_ By, 3342 — 4191y + 262840 600V L

320(1 — v) : 53.760 (1 — v)* o

The tangential stresses o, will be caleulated by means of the rela-

tion
(02 + %y,) (34.1)

cu
201 + v)
which becomes

R B [1—4(1)']k'AW,, [5 2v 3(2-v)( )
8(1—v?) h 16(1 —v) 41 — )
+[= )']hp e [111—147v + 9142 — 25v3  25—33v+19v3—5v? ()’
(h 3 3201 — v)? 16(1 — vt \B,

3~v sl [fz\]h
+4(1 =) T) _?(T)JTAP" e
and in a similar manner

S — a2\ peaw, —[5—=2v _32—v(2}
T v')[l 4(1;)]"”7” lma-v) 4(1—-v)(h)+

111 — 147v 491y — 25v‘ 25—33v419v2—5v8 [2)\*
h : o
( )]”’+[ 520 (1 — v e UL

= G-

The maximum tangential stresses appear in the middle plane, for
2=10

_EWAW,, 5—2v 111—147v491v2—25v*

s Ap,, (37
e = T BT =) T 160 —v) T* T4 128001 — v): P (37)
and

2 o - 3
oy o EVAW, 5oy MWDV o

Umer T T g1 32 16(1—v) 1280(1 — v)?

Tensiunea tangentiala maxima

O xy,max pentru z=h/2 va

lua forma celei din relatia (34).

Tensiunea tangentiald Ozx, se

calculeaza in conformitate cu
relatia (34.1):

O zx=E(W,x+U,2)/2(1+v) si care

capata forma celei din (35), iar

Ozy celei din (36).

Tensiunile tangentiale maxime din
punctele planului median, pentru
z=0, au fost redate In relatiile

(37) si (38).
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2.3 THE RESUL'HNG COUPLES AND FORCES ACROSS THE THICKNESS OF THE PLATE AND
PER UNIT LENGTH OF THE SECTION

The -resulting couples and shear forces are obtained on the basis
of the static equivalence. Thus

w2 E w2 0 1
W =" st =— {(W,”—ka,w)S 2z + WA ,,,[ﬁ.
Yy 1—9 e 4h

A2 iy M2 /2 oy (i
S 2%z — < vs z"dz] —p[——‘—gv "S zzdz——vg :‘dz]—
—h2 6h3 —h2 2(1 g v)h —h/2 h3 —h/2
/2 /2

[ A fo I h/2 2
* th,”[ A [ e~ ot (" oast 2= { z“(lz] 3
i CTrT L — I Ve 1065 Yo

—hZAP[ B S’"Q P — et Sm 2z + —”Sm z“dz]—
16(1— v YRR, AL T B

111— 147y + 91v2 — 25v3 (M2 20— 31y 4 19v2—5v8
25 hAApﬁxx S 2d — —M8M8M8M8M8m™—
640(1 — v)*h v 96(1 — v)2 - 13
o 02 e 2
Sm e+ 2—”—5 T k. S z“dz] (39)
e 40(1 — k%) _sp 42007 J_pp2
in which
3 2 2 e 3
Sh/z zzdz:L’S » ,y:ﬂ_;s ”sZ;lLandS By h
ne 12 - Jone 80  J_uz 448 AT 2304

(40)

Introducing (40) into (39) and performing the caleulations, it results

84 v v(4 + v)
= — D(W,,, - Fsoy - BAW,,,) — ——— k% —
M., (Woze + YWy -+ 10 y2z) 1001 —v) v

583 — 208v + 3v* Tp ¥(311 — 104y 4 3v%) Wip —

T 13.440(1 — ) L 13.440(1 —v)?
S 24 3
11570 — 14769y + 9120v* — 2510% 5, s

967.680(1 — v)?

2.3.Momentele  Tncovoietoare
Mxx, Myy si de rasucire Mxy
si fortele taietoare Qzx si Qzy,
pe unitate de lungime din
sectiunea placii, Se calculeaza
in conformitate cu ecuatiile de
echivalenta din sectiune. In
final, expresiile  acestora
corespund relatiilor (39) sau
(41) pentru momentul Mxx,
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and in a similar manner

' L 84 v WL+ ),
RS D( W+ Woes o WATH ,,,,,) e
242 B o 2
583 — 208v + 3v? W v(311 — 104v +A3v) WAp —
13.440(1 — v) 13.440(1—v)?
— 14769 - 2 2519v8
oy 11.570 ~‘14(69\: + 9120\.4 519v BADry; (42)
967.680(1 — v)*
n/2 8 d .
o, :S ande e pf @ oW, 2L peaw ,,,] i
$hy 40
583 — 2 3v? 11.570—14769v-4+9120v2—2519v3
i iS'i 08v + 3v"’L‘P!J'y o i} ‘, v v2 519 v Fihm
13.440(1 — v) 967.680(1—v)
(43)
and the shear forces will be
"2 8 — 3v.
Q. = — Q.= dz = — DAW,, — ———— h®p,, —
ok o S-—h/Z . ’ 40(1 —v) o
¢ \ 2 _ 3E0y3
5 ,,,15]6 — 20}0v + 1264v 350v WAp,,, (44)
26.880(1 — v)?
and analogously
8 — 3y 1516 —2010v-+4-1264v2—350v3
.y = —DAW,, — - h2p,y— -h*Ap,, .
Qzy sy oL —v) Py 26.880(1— v)? Py
(45)
The function W satisfies the equation of the plate
DAW = p, (46)
in which
D = EBI/1 — v?); E = 2p(1 + v); I = k12, (47)
and the load p(z, ¥) is a biharmonic function
A2p = 0. (48)

(42) pentru momentul Myy,

(43) pentru momentul de
torsiune Mxy,

(44) pentru forta taietoare
QzX si (45) pentru forta
taietoare Qzy.
Functia W satistace ecuatia
placii, (46): DA*W=D, in
care, D=EI/(1-v?); I=n3/12,
lar sarcina p(x,y) poate fi
reprezentata in cel mai
general caz, printr-o
functie biarmonica.



Modelul propus corespunde deci unel placi cu grosime
relativa (h/a), sub 1incarcarea unel sarcini Inclusiv
biarmonice si cuprinde intrinsec, prin particularizare, toate
teoriile cunoscute. Astfel, de exemplu, pentru tensiunile
normale intr-un punct al placii, expresia acestora este de

forma: O, =Ez(Wxx+vW,yy+C,;AW,xx)/(1-v?)+C,P+C,P,xx+

+C,AP +C.Ap,xx. (1), si cuprinde 7 termeni, din care doar
primii doi sunt functii liniare de z, (cota curenta a punctului
de calcul din placa, in raport cu planul ei median) si in care:

E — modulul de elasticitate longitudinala a materialului
placii,
v - coeficientul de contratie transversala a placii,

W, functia deplasarii unui punct din planul median,



W, — derivata de ordinul 2 Tn raport cu x a f-tiei deplasarii
W, — derivata de ordinul 2in raport cu y a f-tiei deplasarii
AW, —derivata de ord. 2 in raport cu x a Laplasianului W
P — functia incarcarii, perpendiculara pe planul placii,

p,xx - derivata de ordinul 2 Tn raport cu x a f-tiei incarcarii
Ap — Laplasianul functiei incarcarii,

Ap.xx — derivata de ord. 2 in raport cu x a Laplasianului p.

C., C, Cy Cy i Gy sunt expresii functie de coeficientul de
contractie transversala v (si puteri ale lui) si de raportul
z/h (si puteri impare ale lui). Astfel,

C,=[0,25(z/h)-(2-v)(z/h)*/6]h?,



2—-v

Cl— _Z LSS 23

4 6
C-v[2- 257

2 2(1—vt -

(5-2v 2 3-2»
=™ (

»Bia.i""vf h 4& i v

[ v(3-2v) 2 v
C4= - v w |

16(1-v)Th  4{1-v]

| (111-147v+01v" =25+ 2

Cs 64001 —v) " K

Coeficientii C; s

()

@]

20-31v+ 197 -3¢

(2]

96 1-v)*

G}

22—y

401 -v)

R

$-v

420

)



In relatia (1), primii doi termeni corespund expresiei tensiunii
normale din teoria Sophiei Germaine (1816) si
Louis Navier (1820 si 1823) pentru cazul incovoierii placilor
subtiri,

Sophie Germaine Louis Navier




primil cinci termeni, expresiel tensiunii normale
din ,teoria exacta” a lui M.Misicu pentru placile
groase sub sarcini armonice, lar toti termenii,
expresiel tensiunii normale (1), corespunzatoare
,modelulul general de placa groasa*“ sub sarcini
Inclusiv biarmonice. Teoria placilor groase (si mal
ales dreptunghiulare), isi gaseste aplicatii in analiza
distributiei tensiunilor din placile de corp ale
navelor militare. In acest sens am abordat pentru
inceput cazul mai simplu al Tncovoierii cilindrice
(unidimensionale) si am rezolvat cateva cazuri de
placi groase dreptunghiulare sub actiunea unor
sarcini uniform distribuite si/sau hidrostatice.



Cazul Tncovolerii cilindrice a placilor groase cu doua laturi
opuse (|| cu Ox) libere si celelalte doua (|| cu Oy) rezemat-
Incastrate sau ambele Tncastrate, sub sarcini uniform si/sau

liniar distribuite.

e STUD" e~ 364 G.Kw 2

Cu acestea, expresiile eforturilor gi tensiunilor devin :
— pentru momentul incovoietor :

8 —3v
M=—Dw, — m h2p, (3)
DETERMINAREA CIMPURILOR DE DEPLASARI, MOMENTE, FORTE P L s R R e
TAIETOARE §I TENSIUNI, \IN PLACILE GROASE DREPTUN- 4INOT S04 DAD,. 2 e L Ly h’p' . {A”« =0 JARDT 3148
GHIULARE ACTIONATE HIDROSTATIC, CU LATURILE OPUSE i SURUTA L Un 40 Tahadin 5T AL "_ a” I e
REZEMATE §I. INCASTRATE, — pentru tensiunea normali ‘maximg : T AT
3 =y h?
i Ay B
de G. KUMBETLIAN 4 Wy 11—y s
Jercistde sivine Comtams — pentru tensiunea tangentiali maximi :
bt e g 5 o oSyt o ' 7y g b ot (6)
cresterii sarcinii spre lulurn Incastratd sau spre latura rezematd. Calculul s-a ficut pe baza 2h By 16

di a teoremei ii elastice, pentru Incovoierea

rezolviirii problemei anti
cilindrica.

Pentru fiecare caz In parte s-a determinat variatia deplasirilor, momentelor, fortelor si
tensiunilor, precum si eroarea teoriel tehnice, care poate ajunge pini la 19,5%.

I. PREMISE PENTRU CALCUL

La baza rezolviirii problemei de fatd std teoria exactd a plicilor
groase [4] si solutiile problemei antimediane a plicilor, [5] sub inc#reari
laterale normale, date de o funcfie armoniei p. Caleulul tensiunilor, momen-
telor i al fortelor rezultate pe inilfimea plicii §i pe unitatea de lungime se
face cu ajutorul functiilor deplasirilor, considerate ca variind proportional
cu puteri impare, respectiv_pare ale distantei z fatd de planul median.
Considerind cimpul antimedian triarmonic asociat incovoierii plicilor i
limitind analiza la cazul unor deplasiiri transversale avind o lege de variatie
datd de un polinom de gradul cinei in raport cu variabila transversald,
se obtine solutia de incovoiere ciutati.

In cazul incovoierii cilindrice a plicilor plane dreptunghiulare,
pentru a satisface conditia de armonicitate, p trebuie si fie de forma :

p=2P+Qa sau p=0Qz (p.=Q; P =0), 1)
ceea ce duce, pentru deplasarea planului median, la solufia
2 3 P
Dwim B Re LT % Ay p® g @ @
2 3! 4! 5!

ST. CERC. MEC. APL., TOM 35, NR, 3, 1976, P, 363386

II. SITUATIA IN CARE SARCINA CRESTE SPRE LATURA INCASTRATA (fig. 1)

Se consideri placa din figura 1 funcfia

=P,
PR ﬁi‘rq 95T, deplasirii, (2).1, precum §i condiiile de
] e margine :
AN plQa
W [ e © v Dw(0) = 0; Dw(a) =0, @
D' (a) = 051 M(0) = 0.
= p Apliéind conditiile (1) ohf{inem
Pt st ol Duw(0) = R =0 (2)
2 ,§i
e el Ba ;s Tt —
¥ 2 3 4
N il D (8) it L. b ) el P -
i et 2 6 24
1y ot b
Fig. 1 + Q -l‘.’l) =0 (3)
saun
2 3 at
prerglagpae, =0
T 20 T ¢ 120
gl
‘Du’ I PRt sty ST TPl )
o' (0) =8 26+ U S P 024—.



Cateva cazuri particulare:

Tabelul 1
inconvoicrea unidimensionald a plicilor cu g'rlndi echivalenti static nedeterminatd si eroarea teoriei clasice pentru v=7/2 $i hja=1/5
Nr. Schema plicii Gimpul deplasirilor Cimpul forte.loi‘ tdietoarc Ci@pul de momente
i Tp = 9pPasiTq = peQa® Mp=ppPa® si Mg=uqQd®
9 3 ‘
p=P+Gx 1 x 1 T & .
: ) =—— 120 — | —(6—K? =— —]20]— | —3(6—22%)—+4
1] i 40[ (a) g )] Gl e T e S
- L3 X{p=P4 Qx
x B ke oy 6—K? S 1
A o w = Ez(x —2ax® 4 a2x?) 4 Yo, = B 8,679% Ko, = — = —
: zi '
A - i fopad e e
+ — (2°—3a%x® +2a32?) 6 — K? 1 (6— K2)3
120 (:t/a)cp=0 = 20 4,47% “Qmax= _ﬁb 4— 5 32,3%
o 3,729% A 269
A #0a 10 i Yo« = T TH0 ;
=P+ Qx :
? \\ LorT] ; 1 T i 1 s .3 x
‘ i 9 (PP = — ga 80— — 3(10 — K)’ wp = — -—2— [ — ——26'(10—'1(2)——‘
ﬁﬂT TIT x & p=P; Q=0 g 9 ¢
pras P 3
x Dwp= —| 102 — — (10— 3(10—K?) .
2 P 240[ 5 Bp, = 5,2% up,=0 gt
2| ; — K?)ax® — 3K%®2® +
fe i U 1 : 310 — K?) 9(10 — K2)?
+ — (BK2 4 10) a3z x/a = ——— o 520 PSR (s 10,29
g W 2 iy ] (@/a)g-0 80 i HPmax 12 800 >
50 + 3K? . 10 + 3IKg
pe — = = Bo, = i 3,12% g = el 15,6 %
y {

({1} 8



1 z \? | 1 z \? x
_¢Q= - 5[23('—“—) - (4 - K’)] pqa-'i;)[m(-;') —3(4.— K’) —a—]

4 - K . 3
; N 13 =0 |
b. p=Qx; P=0 P, = - 40 % ¥, 7 .
Q , i
Rl 2t ) T-K 1 1/a= Ry
120 (x/a)y.q = V 20 69% | Bap, = oo ff =5 /| 1938%
16 + K? 8 + 3K?
B o o) ¥ 19,59
P05 = 10 3:25% “0a 120 e ko

a

' ol :)
3 p=——l40 =] -
= — ot [40(1) — (18 +'K')J an ¢

—3(18 + K?) + —+ (14 + 3K‘)]
a

= — [42% — 3(6 ’ ¢
Dw 480[ 3(6 + 4'
+K?) a*x¥+(14 + 3K?*)a*a?) Plde = — i;6[14 + 3K — :
[ 18 + K? 1,259, 5%
: @lae-0= | —55 e A&+
R G
22 — K?
Po = — e 2,369 Ug =0 -




Pentru fiecare caz in parte am stabilit expresiile
fortelor taietoare: T=¢pPa (sau: ¢Qa?) (2)
si momentelor incovoietoare:M=pPa? (sau:pQas3) (3)
in care @ si p sunt coeficienti numerici in functie de:

k=(8-3v)(h/a)?/(1-v) (4)
adica de patratul grosimii relative (h/a) a placii,
ceeace deosebeste pliacile groase de cele subtiri, al

caror calcul nu depinde de grosimea relativa (h/a).

Sarcinile din relatii sunt: P[daN/cm?]=P(tot)/ab (5)
si QaJdaN/cm?]=2Q(tot)/ab (6)

In continuare am calculat si construit diagramele de
forte taietoare (T) si momente Tncovoietoare (M).



Diagramele de variatie a T (10¢) si M (100p)

- cu linie intrerupta, Tn ipoteza de placa subtire si

- cu linie continua, In ipoteza de placa groasa.

Tabelul 2
Diagramele de forfe tiletoare 5i momente incovoietoare In teoria exactd (cw linic continud, peniru v=1/2 81 hja=1/5) §i in teoria clasicd (cu linie intreruptd).

—

Qx x @x

Schema

plocii

Diogramo de -
_ forfe foretaore

g0

Diogroma de

momente
102

ot



In timp ce in cazul placilor “subtiri” diagramele de
forte taietoare (T) si momente Tincovoietoare (M)
(reprezentate cu linie intrerupta) depind exclusiv de
geometria, conditiile de margine si incarcarea placii, n
cazul placilor considerate “groase”, valorile fortelor
taietoare si momentelor incovoietoare din diagamele T si M
(reprezentate cu linie continua) depind inclusiv de patratul
grosimii relative (h/a) a placii.

Pentru o grosime relativa h/a de 1/5 si un coeficient de
contractie transversala v de 0,5, diferentele dintre valorile
momentelor Tncovoietoare, fata de cele din teoria de placa
subtire ajung pani la un procent de 32,3%. In cazul plicii
cu doua laturi opuse incastrate, sub sarcina uniform
distribuita (P), momentul Tncovoietor n sectiunea din
Incastrare este M=pPaz?, in care p=(1/12)+(k?/40) (7)



In cazul placilor subtiri, h«a, h/a—0, k*—0 si deci
Wplsubt.=(1/12), cunoscut din R.M. In relatia (7), termenul
k?/40 reprezinta sporul care se adauga valorii momentului
incovoietor din incastrarea placii considerate subtiri, (1/12),
spor datorat “naturii de placa groasa” cu grosimea relativa
h/a. Diferenta (in %) dintre coeficientii adimensionali ai
momentelor Tncovoietoare corespunzatoare celor doua teorii

este: a%z(upl.gr._upl.subt.)loolupl.subg. : adica:
0%0=[(k?/40)/(1/12)]100=12k?100/40=30k?=30(8-3v)(h/a)%/(1-v)
De exemplu, pentru v=0,5, valorile aceasteia sunt: pentru o

grosime relativa h/a= 1/5 de 15,6%, pentru 1/10 de 3,9% si
pentru o grosime relativa de 1/20 de 0,975% (sub 19%o !11).

Aceste valori ne-ar indreptati, sa clasificAm plicile dupa
criteriul grosimii relative a lor, in placi subtiri, pentru
n/a<1/20 si placi groase, pentru h/a>1/20.



In continuare am rezolvat problema
incovolerii generale a placilor cu dubla
curbura sinclastice, convexe sau concave,
cu curbura Gauss K=K;K,>0, si anume:

1).cu toate marginile rezemate,

2).cu doua margini opuse rezemate si celelalte
doua Incastrate si

3).cu trei margini rezemate si una incastrata,
deplasarile fiind exprimate in acest caz cu
ajutorul unor serii trigonometrice simple de
tip Maurice Lévy.



De exemplu, pentru placa cu doua margini opuse simplu
rezemate si celelalte doua incastrate, sub sarcina hidrostatica:

EXACT CALCULATION OF THE PLANE RECTANGULAR, i & it 2
HYDROSTATICALLY-ACTED PLATES, WITH TWO OPPOSITE EDGES
SIMPLY SUPPORTED AND THE OTHER TWO RIGIDLY CLAMPED in whiéh
ON THE BASIS OF SOLVING ANTIMEDIAN PROBLEM ! 3 Jon o .
OF THE THEORY OF ELASTIC MOBILITY = = bal20n +1d2) and By =ba-0a, 2)
A where,
by G. KUMBETLIAN * (—1)m+1
a, =1+ mq® and b, —m
The pa i the t calculati f thi lane t lar, hydrostatic (3)
ncteed P?x:)t(;;, E:e o:?li: lw: o;:la):u:asi'r::l)‘:yos!\‘lpoportea e%ga:sl a;;cl::g:L::r two :isgidlly o 1 + m2s3(1 + m'l’) and d, = (tm th a.) e
clamped on the basis of elastic mobility. e 1 + m2s2 g
‘Within this calculation the field of displ ts, bending ples, shear forces, reac-
tions and stresses have been determined. A number of calculations were also performed 3
for the bending couples M,, in the case of the rigidly clamped edge. According to (17), §5, p. 32 [6], we denoted
From these results it may Pe observed that the ical theory p iderable
maximum errors which vary for * = 3af4 and for the plate with the relative thickness mnrb ,
hja = 1/5, from 34.7% for edges ratio bja = 2, to 419% in the case of quadratic plate. Oy =—— (4)
These conclusions justify the exact calculation whenever we are looking for a rational * 2a
2 diti ;
use of the material in the conditions of an adequate strength of the plate with (10), §7, p. 56 [6] :
1. CALCULATION OF ADDITIONAL DISPLACEMENTS L =h \?
' i o s
The solving of the problem is performed according to the exact d with (9) §6 48 [6 :
theory of thick shells [4] and on the solutions of antimedian problem of L 6
the plates under lateral normal loads [5] given from an harmonic func- 8ot 3v ( wh )’ 6)
tion p + qf'i : 40(1 —v)
a
For this purpose, we consider the plate in figure 1 under action With these, displacement (1) takes the form

of hydrostatic load qi and we superpose over the solution of the 1 =
a T [2(—1)"!(1 4 o) + AL ch ™Y
m—1 M

simply supported plate the solution for the plate g
with bending couples on the rigidly clamped edges a
g coup:. igidly P 4 q + B, mnyshmny] sin M@ %)
a a

(Y = i—g) so that the rotations of these be =
zero. So, we consider the expression of displa- T in which we denoted
cement for the simply supported plate under
hydrostatic load % An = —bu(20n + dn); Bn = bn-Cn, 8)
__“!,_ SN TSEE TR (_l)ln
o A1) mr 6, =1+ m2 and b, =-———
Dw=qa‘z[Ts—(l—Lmﬁlz)+A’ ch- J q! ch oy
m
; B i while ¢,, dn, om, $2 and I? are in agreement to (3)—(6). A
1 N . fivs th 8
+B., mry hmﬂ:y] gin T a) y The inclination of the median fibre of the plate on the y 5
a a a Fig. 1 edge, will be:
* Mari ] =
larine Institute, Constania e 5 =qa’L z —I—[A.sha,. 4 Bo(shay 4 agch a,,)]sinm"w. )
w(v- ‘) = om a

Rev. Roum, Sci. Techn. — Méc. Appl., Tome 21, N° 3, p. 447—462, Bucarest, 1976
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We annull this inclination and satisfy the boundary conditions with
assistance of any additionaly bending couples

=3 F. sm—aﬂ" y=j;-;— (10)
m=1

~_which must produce an inclination equal but contrary in sign to the
above one (9).

According to formula (12), § 7, p. 56 [6], it results the inclination
owing to couples :

& 2 E, mne
D ——— " [thay(epthe, —1 sin ——
Y o(r<2) = 2 2L, L+ ) [h c{ g th oty —1) — ] 8in =
(11)
in which, also, ]
o =3 "("—h)z. (12)
40 a
Writing that )
b
wy=—wuy  (v=7) (13)
we obtain
2
Bi— _2.ﬂ_ (1 + m?2s2) k, (14)
nsma
in which
e A, sh a, + B,(sh a, + .a,ch a,) (15)
o — th ay(oy, th a, — 1)
and so the couples (10) will be
28 . MTL
My = gat = 3, T2 (14 mtet) sin ™ — ygat (16)
in which
- e
= E -—(1 -+ m2s2) sm——;- (17)
m=1

The additional displacement produced by the couple M,, is according
to (12),§7, p. 56 [6] and (14) and (15)
Dw, = —qa‘ 2 [mnyshm—a,tha,chw] plg 58,
5 a=1mb ch Zal @ a a
(18)
On the median line, y = 0,

o, th o mrx
Fin %m th o sin—.

Dwyy-0) = 94‘
b Zl ms  chay,

(18a)

2. CALCULATION OF THE ADDITIONAL BENDING COUPLES

According to (24), §2, p. 20—21 [6]

Mzz=—[ yzz +va,"+8+v(_) a’DAwu:-]—'
a

e . i

(i)""f’ — Chip (19)
4001 —v)\ a =y

or, taking into account (12) and (5),
s2a2 ka2
M, =— I:-Dwyzz +vDw, 4y + ?‘ DAw,,,] = ”—‘s—fp — Ch*p,.. (20)
ki3

in which w = w; from relation (18).
Making the calculations, we obtain :

e mmry
Dw = —qat— 1 — a,tha,)sh —=
Yy q = Zlm“cha,..[( oy th ay) = A=
8. 7Y ——m"y] il (21)
a a
14,28 km mry
Dw. = —qa®— 2 — oy th ) ch —=
i R [( o th o) ch 7Y
+ MY sh __mny] gin 22 3 (22)
a
b k, mry , mwy y) mne
Dw =gy ntm | ITY o DT et ch oD cos——— 23
e =t 3 e (P e, (23)
Dw,,, = gaz—l— 5 ('mvry sh o — a,thamch—g)51nm—m, (24)
B amimicha,\ @ a a
€ nes kn TY . ML
DAw Dw,yy = — qa® — ch 7Y gin PTC 25
!22+ rw q Ttsmz_lmach% a a ] ( )
DAy, —-Lgo2 y —T= P MR (26)
72 po1mich oy, a . a
and DAw,,, wgl g N g By, Sy @1)
Tome1 M Ch ay a a
we do not take into account the load of plate p = 0. (28)
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Introducing (24), (22), (27) and (28) in (20), we obtain

1 9 Ly mny n Y
M == qat— 1— —
7 - 78 amimich ay, [( L a
—€(1 — ) tp th oy — 2(m2s2 — v)) ch 7Y y} n 258 | (29)
a a

For: y =0

mrw
Mpy-o) = qa‘l—— Z

— [(1 —v)ay tha, —2(m282—v)]sin —— (30)

- m? ch

b
d for: y = —
and for: y 5

2 km mra
M = atdis =™ (m2s — b i 1k
aelr=2) qa m§=:1 (m2s v) sin 3 (31)

According to] (24),, §2, p. 21 [6]

M, =

SRR VT A\
2 Y a2DA .
40 (a)a w’"]

B ( ) a’p — Ch'p, (32)

401—v)

or, taking into account (12) and (28)

s2a?
M, =" [Dw + vDu, .. +—2DAw,w] : i)
3
in which
DAw,, = — qa-2—- ¢ _En g DTN wED (34)
—1m?cha, a a
and
DAw,,, = —q— b3 LchM " Mol (35)

T me=1 Mchoy, a a

Introducing (22), (24), (35) and (28) in (33), we obtain :

1 kem
M, = — qa!; X Py [((l—v)a,. tho, —2(1+m2s2)) ch 27Y
m=1
25 e 'mvry mny] mm-n:a:' (36)
a a
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For y =0,
1 2 ks MnT
Moy = =400 3, "o [(L ) ay thoy —2(1+ mis?) | sin == (37)
78 amamich a,,
b
and for y = —
* 2
. - . mnx
MW V-—;‘) =qaz?mz-l—”7(l + m’s’) sln—a— . (38)

That is precisely the expression (16) which verified the exactity of cal-
culation
In the technical theory, h/a — 0

I8 = s8.="0, (39)

and, taking into account (39) and (8), we obtain

By by =5 ang A= — U8 (o ey +2) o)
ch a, cha,

and, introducing them in (15), it results

om — th atm(1 + atp th ay)
o — th oty ( o, thoe, — 1)

Kp = (=1)"*- (41)

Introducing (41) in (30) and (37), we obtain the values (in the technical
theory) :

1 @ ( 1)m+1

M, y=0) = qa%—
w=0) = ¢ o ol

— thoo,(1 + antha,) mnx
1— o Th sin —— 42
—tha,,,(a,,,tha,,,—l)[ T, e (42)
and
1 @ ( )m+1
Mgy = —qat— Yy, ~———— X
ww=0) q s ..S.;.x ot
— tha,(1 + apth ) . mne
1— th op —2 4
_tha,,,(oz,,.th oty —1) (G5 e - 18in. a [

which correspond to the half of values of the same quantities for the case
of a uniformly distributed load p = gq.
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3. CALCULATION OF ADDITIONAL SHEAR FORCES
According to: (24), §2 [6].
Qu R — .DAW,, = Bhapu (44)

in which, Aw,, was calculated in (26)

8 —3v

=———=— an 2= g/a. 45
g —y 4 Pi=dl (45)
But introducilig (26) and (28) in (44), we obtain

O = qa_2_ _Fm R Y og Y (46)
m=1m? chay, a a

Also, according to: (24); §2 [6]
Qn = — DAw,, — Bh*p,, g (47)

in which Aw,, was calculated in (34), and p, y = 0.
Introducing the last condition and (34) in (47), we obtain

. km mry mnx :
w = q0— — —gh—=Z8in——. 48
Qu = ¢ n’,,,z_lmﬁcha a a *5)

The maximum values of shear forces Qzz and Qzy appear at the middle of
the edges

Q =ga2 f‘, L (49)
22(0, 0) =t 2 e oh o
and
Qw_ )_qa—z —-tha,,.smma- (50)
4. CALCULATION OF ADDITIONAL REACTIONS
The reactions along the z = 0 edge, has the expression of

Vz = sz S sz,v : (0} = 0) (51)
in which, according to (24);, §2 [6]
8 + v

My =— [(1— v) Dw, .y + (;) a’DA';”’n] — Ch'p,,y  (52)
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in which

mny
Do~k § B [0 e e =
+Mchm] cosm, (53)
a a a
2 i
8+v (l) —*  (according to (12)) (54)
40 a w2
Diw,gaicpt el e (55)
T me1 mcha, a
and
Py = 0. &%

Introducing (53)—(56) in (52) it results:

M, —=qar L ¥ [((1—v)(1 o th o) + 2m2s2 sh 27 4
o m-lm’ Ch Ol a
oy G~ mchw] cos %2 (57)
a a a
and
M Y . €@ —)(1 — tip th ) + 2m2%s21sh y+
Lovemo) = 19* 3 ) ) F=r ot th ot
+ (1 —9) hm"-”]. (58)
a 2

After deriving (58) with respect to y, and subtracting from (46) in
which we make # = 0, we get the reaction (51)

mn:y

3 L ko
Vz(x-n) =iq0=—= z

[((1 V) i th oty — 2(mB52 —v)) ch Y
n2 poimich ay,

ey h””‘-”] (59)
a a

In the technical theory, for h/a — 0

< (— 1)"""1 — th am(1l + omth am)
Viemo) = g0 —
1:3 me1M2Ch ot tm — th otm( o, th ey, — 1)
x (a.. #h o, 01 BTY"_ My h"”‘”) (60)
a a a
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At the middle of the edge, for y =0,

1 2 (—1)™! ap—than(l + antha,
Vz(oo)—!la—z( hd Spl s )

72

comthoy,. (61)
1m2ch ay o — th ay(o, th e, —1)

The reaction on the y =% side is calculated with the relation

Vo=@u— Mo (v=3) (62)

and is
V( )_qa—z —«[(l—v (1 — o thay) + 2(1 + m282))) th oy, +

+ 1 = vfam] sm'—"a"—” (63)

In the technical theory h/a — 0

@ (_1)m+1 ALy
v i qai Z ( 1) 5 Om th ¢m(1 —+ otm th a,,,)
Wv-3) w2 AT1 ME oy == th oot th am — 1)

X [(8 — ttm th atm) theem + o] 8l 2 (64)
a

The concentrated reaction in the (a, %) corner of the plate is

p 2M,,,(a, %) (65)

or

B =gl v D rca— )1 anthan) + 2m365) thant (1—v) anl.
3 m=1 md
(66)
In the technical theory, for h/a — 0

( 1% 1)2M+_1

=5 [otm — tham(l + amtham)]. ~ (67)
=1

Byt 0

5. CALCULATION OF ADDITIONAL STRESSES

According to (23), §2 [6]

; B2 —
Oz =— 3 i [z(w,,,+vw,,,) i ("4— T vzz) zAw:n] =
B r=Bvid .3 2y e\ .3 =y 2\
st gt A 9 b LY Fhep, =
[8(1—v) B 41 —v) (h) BT (h)] s
3 z z)\*
YR ST o 1 68
s 1w =
in which % .
2 B o 138 (69)
1— 2 h?®
and p = p,,, = 0, according to (28).
On the Z = < surface, the maximum stress has the value
6 “h2
Ot -2y = [Dw,,, + 9D, 4 5o (4 + 9) DA, | (70)
in which, introducing (24), (22) and (27), we get
1K km mny mry
o i R ek h —=
c max (s = 5) . rr’W,,.-lm‘cha.[( =9 a
—[(1—v)u,tha,+2v—m "’Lh ch’l"‘—y ain 252
12 a a a
LN
= 71
g 7
On the median line: y =0
cy”nm&(l-%:«-o) =ga? =W Z m’ch [(1 — v)om thom + 2v —
m=1
;4 +v (mﬂ:h) ] e mro ’ (72)
12 a a
According to (23),, §2 [6] and (28)
Oy = — "271—)[3(“7," + V0, 22) + (‘%—'2——6_—\’) 22 ZA“”W] (73)
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and
1 h? h?
G”M(’__;_) e ‘ﬁ[wav + vDw, ., + ?4“(4 +V)DAW’W] s W= -6‘; (74)
and introducing (22), (24) and (35), it results:
Gyy h =—qa’i-§ (l—v)a,,.tha,,, 2 —
max (z = 3) 1:’W._,m’cha..
2\
2l + v (mnh) ) hm-n:y )mny & mny] gin 70 (75)
a a a
and, on the median line y = 0, it results
aw"“("%= v=0)" ,,Z_lmacha,.[(l 5 s ko b
2
F Ay (mnh) ] sinm’w (76)
12 a a
According to (23);, §2 [6] and to the eondition Z =—’2'— it results :
s nib L Rt 45 v) DA 1
W max (s = ) W L oy ”’"] )
in which, introducing (53) and (55), we obtain :
Czy A qa’—l— (1—v)(1—a,,.tha,..)+
max(s = 3) -rr'W,.-lm'cha
2
+4 + v (m=h Jsh mwy 4 (@=v) mmy chmn:y] -l (78)
12 a a a a
According to (23),, §2 [6] and to condition (28)
6z = 0. (79)
According to (23);, §2 [6] to the condition Z = 0 and (28)
3
Bee o) = — Y DAw,, . (80)
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Introducing (26), it results:

i 3o 1 k mry mra
=qa—  ch—=cos——. (81
Ot maxe=0) — 2h E; m2 ch oy, a )
For: # =a
o= mny
Ot pax k=0, 2=0) — 1% g ...Z m2 ch amk meh e (82)
For y = 0, on the median line
8 e ) mnx
Cez maxtz=0, =00 — 1% 5p .,.2-1 m? ch oy, : e
and, for y = %, on the rigidly clamped edge,
ek mmnL
o =qga—— Y ——cos——. 84
ttmax (s-0v=5) ~ 9 Ty & e a i

Also, we calculate P, _, according to (23); § 2 [6] and to condition

z2=0
8 & _ kun mny . mrw
P muntam0) = 4 n2h m=1m2ch a,,.Sh a g (85)
and, on the rigidly clamped edge, for y = E'
tmaon=$) T i B, e (®)

6. DETERMINATION OF M,, COUPLES FIELD

With the object of determination of couples field (16) it was calculated
the values (17), for v = 0.3, for ratios

hla =1/20; 1/10; 1/5
bla =1; 1.25; 1.50; 1.75 and 2
x/a =1/2 and 3[4,

and for the first three terms (m = 1, 2, 3) of the series obtaining the
following results :



valorile coeficientilor adimensionali

lyy ai  momentelor

incovoietoare Myy, pe laturile Incastrate ale placii (la y=+b/2),
in punctele de la x=a/2 si 3a/4, pentru grosimi relative h/a=0;

1/20; 1/10 si 1/5, cu rapoarte ale

1,50; 1,75 si 2,00, si pentru v=0,3,

urmator

laturilor b/a de 1,00; 1,25;
au fost printate n tabelul

339, VALORILE wsncx:nm.ox/f(yy{y -bj)

=PLACA DREPTUNGHIULARA 2 LATURI OPUSE RE
Y=0,3

223 2 2R A AR R A 2R R R RS R R R R A R R R R R R NS R R R R R R RS R SR AR RS SR R AR R RS A0 R}

* 1 I
* Xlg 1 172 I
v I I
T —— o T ., S g T T T -
w hkz X I I 1 1
* b 0 I 1/¢0 i 1710 I 148 1
«bla 1 1 1 1 1
T3 i1t i1t ittt ittt it ittt ittt ittt ittt itttittititis
* 1 I
* 1.00 i -'036533 -!OSQVfS -1050233 'oU“USYQ I
B I 1
* 1425 i = 0443821 045378 - 046993 =, 022008 {
* I 1
* 1.50 I =,0320644 = 05260835 054347 ",001203 I
% 1 1
* 1,75 I =,056555 =y 057245 - 059266 . 0063579 1
* b 1
* 2,00 I =.039156 = 0598/ 7 =, 001987 ", 0090668 |
- 1 1
222222222222 22 AR R A2 2 R R A F R A AR S R A R A R R S R R R R R AR R R R A RR 2 2R RS2 2 21

EMATE =2 INCASTRATE=

o WU K o e e e e v T o e ke ok T W o o T ok ok e W e e e T e ke e o e e e e e e R e Wk

5/4
1 1 1
v 1 1/20 1 1/10 1 1/5
1 1 1
3+t 1t L P Tttt P T T ittt ti3i it ittt ittt iiitis
-, 035480 -, 036891 -, 041233 -, 060250
- 043036 -, 044543 -~ 049178 -, 069435
- 048217 -, 049786 ~s054009 -, 075652
- 051426 -, 053032 -\ 057967 - 0794835
- 0535270 -, 054897 ", 059897 -,0810681

TR AR R R 2 e s T T2 AR S R RS R R R R R R R SR R




Graficul alaturat prezinta variatiile

coeficientilor adimensionali (Llyy)
al  momentelor Tncovoietoare
Myy, Tn punctele de la (3a/4;
+b/2) ale laturilor Tncastrate, n
functie de grosimea relativa h/a
(pe abscisd), si de rapoartele b/a
ale laturilor placii. Se observa ca,
pentru grosimi relative care
exced catorva mici procente (sub
2-3%), cresterea valorilor
coeficientilor adimensionali ali
momentelor Tncovoietoare este .l
aproape exponentiala. s

Lﬂ'l,u,,(lalb ibi2)l N bla~2.0

bla+1.75

3 ¥ 8 2
L i 2

Nofa- LS

P

bla+ 125

bla+10

HMELEEEEENEEE RN
o A 1 4 A R P, ey v

hla

Fig. 3



In cazul plicilor (de acest tip), cu o grosime relativa (h/a) de
1/20 si cu raportul laturilor (b/a)=1, eroarea In punctele
(a/2;xb/2) si (3a/4;xb/2) (daca pentru calculul placii s-ar
aplica “teoria tehnica”), ar fi de (1,274-3,927)%,
inacceptabila pentru un calcul “exact” al plicii. In acest caz,
pentru calculul corect si exact al placii, ar trebui aplicata
evident, metoda de calcul bazata pe ipoteza de placa groasa.

Am abordat apoi problema placilor cu dubla curbura

anticlastice convex-concave, 1nh forma de sa, cu
curbura Gauss K=K ;K,<0,

1).cu trei laturi rezemate si una libera, si a celor
2).cu 0 latura incastrata, doua rezemate si una libera.



A COMPUTER PROGRAMME FOR THICK ANTICLASTIC PLATES
by G. KUMBETLIAN® and D. PASCALE**)

This paper presents a program for the analysis of thick anticlastic plates under hydros-
tatic load, as it was worked out and run on the computer, in order to obtain the dimen-
sionless coefficients of the bending moments.

- In the case of the thick anticlastic plates [8] under hydrostatic
Joad, the relative thickness of which is greater than 1/20, the stress dis-
tribution on the thickness cannot be considered linear. In this case
Love-Kirchhoff’s hypothesis loses its validity, and the analysis must be
approached in other ways. Reducing the space theory of elasticity to a
bi-dimensional form, on the basis of a displacement field changing with
.odd powers — respectively even — of the distance (2) in relation to the
median plane, it was established a general model [6] for the calculation
of such plates, with solutions in displacements, stresses, moments and
shear forces, which can be used directly in solving particular problems
I3 4 71

According to the mentioned model (and with the usual notations
of the elastic theory), the stress fields were established in relation to the
displacement (w) in the median plane and the load (p), the elastic constants
(E, v) of the material and the thickness (k) of the plate. From these, and
by means of the equivalence equations of the section, the functions of
‘the bending and torsional moments, of the transverse shear forces were
-established, on the plate thickness and per unit length of the section of
the general model.

So, the M,, bending moment can be expressed by

hp —

Mz::= — D (wuz 4 Vw’w + o :(_) g h? Aw,,,) V(4 v)

40(1 — v)

583 — 208v 4 3v%_,

NG 104y 4 3w, A
13 440(1 — v)

13 440(1 — v)

11570 — 14 769y + 9 120v2 — 2 519v?
967 680 (1—v)?

ho Ap?l-’l (1)

*) Marine Institute, Constanta.
**) LE.P. NAVROM, Constanta.

tRev. Roum. Sci. Techn.—Méc. Appl., Tome 26, N° 6, p. 899—908, Bucarest, 1981
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and. for the M,, bending moment, and M,, torsional moment, suitable
similar forms were found [6]. For the calculation of the Q,. transverse
shear forces, relations were established, such as

— R T R 3
Q. — —DAw, — 3 =3Y ;s _ 1516—2010v + 1264y —350v°
40(1 — v) 26880 (1 — v)?

Xkt Ap,, (2)

and for the calculation of the @,, transverse shear forces, similar forms
[6]. D is the bending rigidity of the plate.

To show the model in which the problems of bending of the thick
anticlastic plates can be solved on the basis of the theoretical model
mentioned above, we consider a plate with a complex state of mobility of
the outline, having rigidly clamped, supported and free edges, as in Fig. 1.
The load is hydrostatic, with ¢ its maximum, value. In a section z, the
load will be

P=4q:2 Z, (=1 x sin(inm/a)/m (3)

P=gx/a

The displacement function takes the form

D, = Dw, + Duw,, (4)

where
Dw, is a particular solution of the  plate
equation

DA%, = p )

and Dw, satisfies the homogeneous equation

DA, = 0. (6)

The component Dw, is considered to be the
displacement of a strip parallel to the abscissa.

e Dw, = q(32%[a + uz® + to® + 3x)[360, (7)

where the constants u, t and s are determined by means of the conditions
from the edges = 0, a of the plate

Dw;0.00 = 03 M2 10wy001 = 0. (8)

The first member of the last two conditions is obtained by intro-
ducing the displacement (7) and the load in relation (1). After the deter-
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mination of the constants and the development of the expression, it
results that

Dw, = qa*- 2§ (— 1)+ (1 + m2?1?) sin (mra/a)/(xm)3, 9)
m=1
in which
1> = (8 — 3v) (wh/a)?[40(1 — v). & (10)
The Dw, component may be considered as
Dw, = ¥ DY,sin (mnala), (11)

m=1
where DY, is a pure function of y.

Introducing it in equation (6), we obtain a differential biquadratic
equation in DY, the general integral of which takes the form

DY, = qa* [4, ch (mny[a) + B, (m=y/a) sh (m=ya) +

+ Oy sh (mnyla) + D, (mmyla) ch (mxy/a)]. (12)

With this, the total displacement from (4) can be written in rela-
tion to the Dw, component from (9), and Dw, from (11) and (12), as

= ot 2 sin(mrala) {2(—1)"+! (1 + m22) +

m=1
+ A, ch (mny/a) + B, (m=ny|a) sh (mxy[a) +
+ Cy sh (mmyla) + D, (mzyja) ch (mzy[a)}[(zm)® (13)

The determination of the constans of integration 4,, B,, 0, and
D,, is made by means of the conditions from the edges of the plate, for
each case.

So, for the plate with three simply supported edges and the fourth
one free, the conditions will be

Dwy—o) = 0; Mypy—ot) =0; Yyy-p) =0, (14)

and for the plate with two simply supported edges, the third rigidly
clamped and the fourth free, the conditions will be

Dw(ynﬂ)‘ =0; Dwyy=0) = 05 Myyy—pp =0 and Vy(,p =0, (15)
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where M,, is calculated with a relation [6] similar to that fro:;l (1),
and V, is the reaction on the edge y = b

V = Qzu 15 zyz (16)

In (16), Q,., is the transverse shear force in a section parallel to
the 20z plane, and is calculated with a relation similar [6] to that of
(2). In the reaction expression we introduce the gradient of the torsional
moment, which is calculated with a suitable relation of the general
model [6].

Applying the boundary conditions (14) and (15), for the plate with
three supported edges and the fourth free, we get

A, = — (=1 g s g =T 4 me an
By = (=11 cp; € = [1 + m¥?-a,)j(1 + m%?) _ (18)
Cp = (—1)"+ {2a,, (1 — ) [(1—v) chB, + 2(1 + m*?)] +

+ en [(1 — v)? B — 2(1 + m282)(3 — v + 2m2s?)] 4

+ 28, [(3 — v + 2m?s?) ch B, + (1 — v)B, sh Balt/

[{(1 — v)? (sh By ch B — Bn)} : (19)

in which
$2 = (8 + v) (zh/a)?|40, and B,, = m=bla (20)
D, = (=1 -d,[{(1—V) (sh Bn ch B, — Ba)} (21)

in which
dn =2(1 —chB,)3, — (1 — v)e, sh? B, (22)

and

3, = (v + m2s?)a, — m3l? (23)

and, for the plate with two supported edges, one rigidly clamped and the
other free
Am — _2(_1)m+l Oy (24)
Ba, = 2(—=1)"*"! {an(l — v)[2(1 + m?s?) + (1 — v) sh® B, ] +
+ 8,[2(1 + m?s?) ch B, + (1 — v) B, sh BT}/
JT4(1 + m282)2 4+ (1 — v)3(sh2B,, — B2)1 (25)
Co, =D, (26)



&
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e _2(_1'),,.{1 (3,[2(1 + m??) ch B, +
+ (1 = v) (sh By +Bn ch B)] + iy (1 — )2 X
X (shBs oh B + Ba)/[A(L + mist) +
+ (1 — v)? (sh?By — B2)]. (27)

Introduecing the displacement (13) and the load (3) into the relations
for the calculation of the bending moments which are suitable for the
theoretical model, the fields of the moments and their functions in the
points of the edge ¥ = 0.and at y = b/2 were established under the form

Mzz(yy) = '1“2 “Przyw 3 Y = 0; bl2 (28)
in which

barmo = 3, Sin(mrafa){2(—1y"+ + A, (1 — v) — 2B,(v — m)}/(zm)®
m=1

(29)
p,zz(y =_’2’.)= 3" sin (mrafa)(2(—1)" + Au(1 — v) cha, +

m=1
+ B, [(1 — v)a, sh «, — 2(v — m??) cha, + C,(1—v)sh «, +

+ D, [ — v) «, ch a, — 2(v — m?s?) sh a,T}/(xm)3. (30)
in which
oy = mnb/2a, (31)

and analogously, for the moments p,, (y = 0; b/2). The relations are
valid for both types of plates, taking into account the expressions of the
A, B,, C, and D, constants for each case.

For the calculation of the dimensionless coefficients values (p.) of
the bending moments, a computer program has been elaborated in FORT-
RAN and run on the FELIX C-256 computer.The logical diagram shown
below, which is at the basis of the elaboration of this program, has a
general character that allows its quick adaptation for the calculation of
the values of any physical magnitudes of the studied plates.

The calculation was performed for the plates of relative thickness
hla = 0 (corresponding to the classical theory); 1/20; 1/10 and 1/5, the
ratio of the edges b/a = 1 (for a square plate); 1.25; 1.50; 1.75 and 2,
in the sections from z/a = 1/2 and 3/4, for v = 0.3 and for the first three
terms of the series corresponding to m =1, 2, 3, as the series are quickly
convergent.



The diagram for the calculation program
of the p values

Statements as | REAL NIU, L2(4) ; K2(4)MAV(8S54 2)

Dimensions | DIMENSION S2(k) ; S(8) ; HA(k)

inifiations - | DATA HA/0., 0.05,0.4,0.2

; l

: NIU=03
N Pl = 34459
XA =05

L1zt forh/a

(1) thé cycle D@ :1=1k

L2(1_7,=.‘,.A......
s2(1)=..
K2{1)=

6) the cycle 0p6 .‘in-h

=1 _|forbla

(5) the cycle DYS ; 124.5

for the initiation of
the sums S(Kl)-

the cycle DP4 ;K1 =1.8

. P
o

the cycle D@2 M=1.3

T L P o ¢ | SR
BT et TS L. %
AR L e T
SR Y e
DM=.. &t v | DB L
i COME. .. ...
prMe S A | OB St
S(1)= 5.0 i S(Peea. ik
S(2)=... s@)s.1...028 ks
S(8)e 550 Ly S(Hx. LNk
.76 TYSHRINO M | ¢ 3 CUSUSERAE

’r

for the transposition of
the valves S (K1)in the .

éﬂccych DO3; L=1.8

[Cmav (L,13.k) = S(L) |

Tt\e programm
for drawing up alist

valve matrix MAV(L,1,3.K) = -

of the cupffcc:en?s B

(3) the cycle DH9 ;L =18

<06
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. WRITE BA
((MAV (L,1,3,K),3=1.4) K =12,

S

(65)(18.65) Vo @ label WRITE (108.25;
A plate with two A plate with
supporfed edges, three supporfed
one free ond 'he
other rigidly clo edges and one free, .
5) lobel WRITE (m;..h
listing

label WRITE (108,35)

For the establishment of the program the following notations were
made :

HA =hla; XA = zla; BA = bja
L2(I) =1*; 82 =52

AM — o ; BTM — B,
AMl =a,; €M =c,; DM —d;; DTM — 3

AAM = A, ; BBM = B, ; CCM = C,; DDM = D,; BBM1 = B, ;

908 1 i l .G, KUMBERTLIAN, D. PASCALE 10

COM1 = C,,; DDM1 = Dy,

8(1) = pssty_p corresponding to 4,, B,, C,, D,

o

8(2) = =iz E " e .
8(3) = py-0 ” R Sy oy LY
8(4) = pyyw-oin) ” A o T
8(5) = taagy=nr ” p: ” ’A-; By,; Cm; D
8(6) = Mzz(y=0l2) ” e RO K e T
8(7) = Pyyly=0 ” TR R T
8(8) = wyuy-vin ” woon ; i MR

The values of the bending moment factors in relation to the mention-
ed parameters were put in the value matrix no. 1 like that annexed, and
correspond to the moment M,, on the rigidly clamped edge of the pla.te
with two simply supported edges, one free and the other rigidly clamped.

On the-basis of the results obtained, the set of eurves corresponding
to the variation of the moment field with the mentioned parameters was
represented in diagrams like those shown in Figs. 2 and 3.

The diagrams of the moments like that annexed were also built;
the diagrams for plates of relative thickness h/a = 1/5 were showed with
a solid line, and those for plates of h/a = 0 with a dashed line (correspond-
ing to the classical theory of the thin.

The results, the values from the matrix and the dlagrams can be
used directly in research and designing as a working instrument with
immediate finality.



In figura aliturati au fost
reprezentate atat variatiile
coeficientilor adimensionali

Iyy (a/2;b/2) ai momentelor

Myy, n functie de grosimea
relativa (h/a) a placii (pe
abscisa) si de rapoartele dintre

laturile el, precum  si
diagramele de variatie a
momentelor Tncovoietoare

Myy, pentru placa cu doui
margini opuse rezemate (la
Xx=0; a), una incastrata (la y=0)
si una libera (la y=b), sub
sarcina hidrostatica g="f(x).




In cazul Tncovoierii generale a plicilor cu
dubla curbura (sin-si anticlastice) diferentele dintre
momentele Tncovoietoare din teoria “tehnica” a
placilor (considerate subtiri) si cea “exacta” (a
placilor groase) ajung, pentru h/a=1/5 si v=0,3, pana
la valori de cca. 41%.

Revenind la incovoierea cilindrica, n tabelul
care urmeaza sunt redate valorile tensiunilor
teoretice In punctul de la jumatatea unei laturi
incastrate, Tn cazul placii cu laturile opuse
incastrate, cu h=45mm (h/a=1/7) sub sarcina
uniform-distribuita.



PtQa
] \ o s
- T o
€
X
a 2‘3“

-



B=45 wa_(bJ

Sarc;na Sarc distribuita Tens ,max, daN/cm?fﬁiﬁéor;:
“totald 2 tehnica exactd Eroarea
Pt T 'P =Pt/ab_daN/cm -—24,5 P 26,180 P teor,
daN __ P=o, 634x10 i | tehn.
0 46*_9 2&1}4&16‘3  0,72849  0,77872 ,45 \
\__ 56,7 35,9478x10"> .. 0,88072 0,9414lk |

6. ;~42 161x10” ﬁﬁiﬁ, 1,03294 1,l0415
3. 48,3742x10” 2 1,18517 1,26687 "

a = f7§x'gubxsarciné uniform-distribuita,.

Din tabel se observa ca tensiunile calculate analitic, pentru
diferite sarcini, cresc dinspre cele calculate pentru placa
consideratd subtire Tnspre cele corespunzatoare placii
groase. In mod aseminitor am calculat tensiunile si in alte

placi, cu laturi opuse incastrate sau rezemat-incastrate,cu
h=90 mm, a=315mm si (h/a)=1/3,5



In anii 1992-1993, Tn aceleasi puncte de calcul,
tensiunile determinate analitic au fost verificate si
numeric [18;19], pentru plici din polistiren
expandat cu E=5185daN/cm? si v=0,2778.
Programul, scris in Turbo-Pascal 6, era capabil sa
opereze pe structuri cu un numar maxim de 104
elemente (quadratice cu 8 noduri) si 355 de nodurl.
Instalarea lui a necesitat 207 KB. Programul a fost
Implementat pe un calculator AT-80386 la 25 de
MHz, dotat cu un coprocesor Math 80387. Structura
discretizata a placii rezemat-incastrate sau dublu-
Incastrate avea 96 de elemente si 329 de nodurl, ca
in reprezentarea urmatoare.
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Appendix 1
8 16 = 24 = 32 40 s 48 s 56 % 64 = 72+ 80+88s =96
7w S e g 31 s 39 47 =55 63 s 71 7987+ =95
1 6,1‘"!4! 2241 ,301 38! 46l l I I ' ”94
PR e | 111lil|1.!
'?sl 13! 21!-»,291. 37! I I ' ' ' I93
1.:_-—!+h;!_._l-_1_h!;!71_.q]_.!..l_ ._I I !.! 321
! 4 I 12! 201 28! 36! l I ' l |H92
M Rl ST e e i e BT
et can o G _271 i 43I £ o | '“
| | | | | | d l l I l I !
2. Ottt g cn 26's 34 s 42 5 50 s 58 » 668 74%82s =90
1 9 17 = 25 . 33 s .41 » 49 « 57« 65¢ 73+B1s =89
Size 1:2 4

Tncastrate,

Tensiunile au fost calculate in
nodul 321, la mijlocul laturii
acolo unde au
fost determinate n prealabil
si analitic. Programul a
necesitat un timp de lucru de
cca. 10 minute. Au rezultat

datele trecute 1in tabelul
urmator, care cuprinde
valorile  tensiunilor  din
“Teoria tehnica” de placa
subtire, cele obtinute cu
ajutorul MEF si cele din

Ipoteza de placa groasa.



Placa | P, TOTAL | 5 pLSubt.| 6,MEF. | ©,Pl. Gr.
Incastrat- daN daN/cm?2 daN/cm?2 daN/cm?2

Rezemata

Rezemata

Rezemata

Incastrata

Incastrata

Incastrata

46,9

56,7
56,7
66,5

76,3

0,869

1,092

1,321
0,880
1,032

1,185

0,886

1,114

1,346
0,926
1,086

1,246

0,926

1,165

1,408
0,941
1,104

1,266



Dupa cum se constata din
tabelul de mai sus, tensiunile
obtinute cu ajutorul MEF, au
valori Inferioare celor calculate
analitic pe baza teoriel “exacte”
(de placa groasa) si comparativ
cu ele prezinta abateri cuprinse
intre 1,6% si 4,5%.



Rezultatele cercetarilor descrise mai sus au fost
publicate Tn revistele de profil ale Academiei Romane
(v. bibliografia).

ACADEMIE DE LA REPUBLIQUE SOCIALISTE DE ROUMANIE

REVUE ROUMAINE DES SCIENCES TECHNIQUES

SERIE DE




Lucrarea “A general model
for the -calculation of thick
plates (and rods)” [10], a fost
citata Tn «The Shock And
Vibration Digest» [13], Volume
10, No.12, December 1978 (a
publication of the Shock and
Vibration Information Center,
Naval Research Laboratory,
Washington D.C., office of the
under Secretary of Defense for
Research and Engineering),
page 78, no. 78-1820.

Madras 600 036, India, J. Acoust. Soc. Amer.,
(6), pp 1832-1840 (June 1978) 12 figs, 7 refs

Key Words: Circular plates, Composite structures, Vibra-
tion response

Vibrational characteristics of circular double-plate systems

together by elastic
ring supports have been considered in this work. The analysis
is based on the assumption that both of the plates ere thin,
elastic, and Isotropic. Also, the plates are subjected to initia!
in-plane loads. The solutions are shown to be in terms of
Bessel functions for the case of complete and annular (with
equal in-plene loads) circuler isotropic plate systems. The
vibrational characteristics of the systems are illustrated by
presenting numerical results for isotropic plate systems
~ith one intermediate connection. When both the plates
are Identical with identical edge forces and boundary con-
ditions, in-phase and out-ofphase vibration modes are
observed.

781818

Acoustic Reflection from a Thick Plate with One

Reinforcing Rib. Exact Integral Evaluation is Proved

Supemr to Integral Approximation in Analysis of
stic Reflections from a Timoshenko-Mindlin

Plate Reinforced with One Rib

B.L. Woolley

Naval Ocean Systems Center, San Diego, CA, Rept.

No. NOSC/TR-176, 198 pp (Dec 1977)

AD-A054 610/1GA

Key Words: Plates, Acoustic reflection, Timoshenko theory,
Mindlin theory, Computer programs

The reflection of a plane sound wave from a thick, i.e.,
Timoshenko-Mindlin, fluid-loaded elestic plate reinforced
with a stiffness member is investigated. The case is first
solved without using integral spproximation techniques. This
solution gives relatively lower returns than those given by
integral approximation techniques. The solution is also found
by en Integral epproximation technique end then by sn
integrai approximation technique taking into account leaky
wave poles. The results of numerical calculations are pre-
sented and reviewed. Computer programs are given to carry
out the calculations.

7R1810

Key Words: Probability theory, Plates

A new mathematical method of calculstion of the prob-
abilistic characteristics of mechanical systems with complex
geometry Is presented. This method has been demonstrated
on the example of random vibrating plates. This method
is based on the application of certsin special functions called
R In order to this method, L
are of

for plates with complex geometry which have been clamped
on the edge.

»

R

781820

».

A General Model for the Calculation of Thick Plates

(And Rods)

16 Kumbeglian |

Marine Institute, Constanta, Rumania, Rev. Rou-
maine Sci. Tech. - Mec. Appl., 23 (2), pp 249-262
(Mar/Apr 1978) 4 refs

Key Words: Plates, Rods, Harmonic excitation

This paper presents a general theoretical model for the
calculstion of thick plates (snd rods) under bihsrmonic
loads, which satisfies the large majority of loads occurring
in practice.

78-1821

Design of Clamped Composite-Material Plates to
Maximize Fundamental Frequency

CW. Bert

School of Aerospace, Mech. and Nuclear Engrg.,
Univ. of Oklshoma, Norman, OK, J. Mech, Des.,
Trans. ASME, 100 (2), pp 274278 (Apr 1978)
1 fig, 6 tables, 23 refs

Key Words: Rectangular pletes, Composite materials, Funda-
mental frequency, Optimum design, Optimization

and ore for
the (W) of smalt free
flexural vibration of a clamped, rectanguler plate consisting
of rmmpll md-mhlmu Mmofmmunlﬂnﬂbnd
filsnontary compoults Matardel, The synesie B
3 cuncise, UE(N&MQ"Y!U} Wi o TiE U
sions, density, Mm-uhwoplcﬂuwwwmw
rigidities. The equation is developed in the paper and shown

Y



( "Marme J“l.nstltute Constanta, Rumania, Rev. Rou-
maine Sci. Tech. - Mec. Appl., 23 (2), pp 249 262
(Mar/Apr 1978) 4 refs

Key Words: Plates, Rods, Harmonic excitation

~ This paper presents a general theoretical model for the
~ caleulation of thick plates {(and rods) under bihsrmonic
-~ loads, which satisfies the large majority of loads oocurrlno

2%. in practice.




Iata si 0 scurta prezentare a acestor institutii. La data de 19
decembrie 1945, presedintele Harry Truman (1884-1972) a
propus 1infiintarea unui departament unit al apararii
(Department of Defense-DoD), condus de Secretarul Apararii.
La 26 iulie 1947 a semnat “National Security Act of 1947, care
consfintea nasterea noului departament.
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Departamentul Apararii (DoD) are in subordine agentii
ca cea de Cercetare in Domeniul Apararii , iar
“Office of the Secretary of Defense” (OSD) [2]

este un organism civil care supervizeaza
“Defense Technical Information Center” [DTIC] [5].



Unul dintre centrele experimentale de baza ale DoD este “Naval

Research Laboratory” (NRL), [6] numit uneori si “parintele
inventiilor moderne”. Aparitia lui | se datoreaza celebruluilui
Thomas Alva Edison (1847-1931), care a pus bazele acestul

mare laborator de cercetari in anul 1923.




Tn NRL lucreaza mai mult
de 2500 de cercetatori,
Inginerli si tehnicieni.
Laboratorul este condus de
un ofiter de marina 1n
calitate de manager si de un
director de cercetari, civil.
NRL este subordonat Shock
and Vibration Information
Center, impreuna cu care
editeaza volumul cu lucrari
citate, «The Shock And
Vibration Digest» [13]




In anul 1979 am primit din partea
“Department of Defense”, “Shock and
Vibration Information Center”, “Naval
Research Laboratory” 0 scrisoare extrem
de interesantd si bogata Tn informatii cu
privire la organizarea si activitatea lor.

Mr. G. Kumbetian
Marine Institute
Constanta, Rumania

SHOCK AND VIBRATION INFORMATION CENTER
Navel h Loboretery
Woshington, D.C. 22390« 20375 Tol. 02767 220

29 January 1979

Mr. G. Kumbetian
Marine Institute
Constanta, Rumania

Dear Mr, Kumbetian

It is the mission of this Center to collect, analyze, categorize
and disseminate technical around the world which
is concerned with shock, vibration, acoustics and related dynamic are.
Up until now we have done this principally by scanning the world's journals
and abstracting relevant technical papers, then indexing these papers to
become a part of our shock and vibration information base, The results

of our work are disseminated principally in our monthly Shock and Vibration
Digest with which you may be familiar.

Although the efforts described above provide us with considerable
useful information, we feel somewhat lacking in our knowledge of on-
going programs and perhaps results of studies completed in the recent
past. This letter is to solicit information of this nature. In particular,
information related to recent advances in computer programs and/or dypamic
testing are of interest.

As you know, the data compiled by the Center is available to scientists
and engineers throughout the world; the quality and extent of this data

is only as good as the information received from eminent workers in the
field such as yourself. You are recognized as a key in o

within our technology. We would be most appreciative if you P

with some iption(s) of your current work and interests, supplemented
perhaps by reprints of recent technical papers you have written. We are
also very much interested in your opinions on areas within our technology
that are critically in need of further investigation.

We freely admit that this request is very general in nature, not
giving specific direction for your response. Please be guided by your
own judgement as to any information you are kind enough to furnish,
hopefully with minimum labor on your part.

We look forward to hearing from you.

Sincerely,
Zl% ¢

ety c. ﬁtﬁ’
birdetor

SHOCK AND VIBRATION INFORMATION CENTER
Naval Research Laboratory
Washington, D.C. 2833k 20375

29 January 1979



Draga D-le Kimbetlian,

Centrul nostru are sarcina sa adune, sa
analizeze, sa clasifice si sa raspandeasca
informatiile din Tntreaga lume cu privire la socuri,
vibratii, acustica si Tn general la toate cele care
privesc domeniul dinamic. Acest tel a fost atins
pana in prezent prin studierea revistelor de
specialitate de pretutindeni si prin rezumarea si
catalogarea lucrarilor tehnice revelatoare,
publicate de acestea, Tn scopul constituirii uneli
baze de date cu informatii referitoare la socuri si
vibratii.



Rezultatele muncii noastre pot ajunge la dumneavoastra
prin intermediul revistel lunare de socuri si vibratii, care va
este probabil cunoscuta. Desi eforturile depuse de noi pentru a
fi la curent cu informatiile cele mai noi din domeniile amintite
ne permit sa fim informati in timp real, consideram ca s-ar
putea sa ne mai lipseasca totusi informatii cu privire la
cercetarile Tn curs si probabil la rezultatele studiilor Tncheiate
recent. Aceasta scrisoare are tocmai acest scop si anume de a
va solicita informatii de aceasta natura. Ne intereseaza Tn mod
deosebit informatii cu privire la progresele bazate pe calcule
cat si/sau cu privire la experimentele in regim dinamic.
Dupa cum stiti, datele adunate de centru sunt disponibile
oamenilor de stiinta si inginerilor din Tntreaga lume. In ce
priveste calitatea si cantitatea acestor date, suntem interesati
in exclusivitate de informatiile primite de la cercetatori
eminenti, din domenii de activitate ca cele ale dumneavoastra.



In ce va priveste, sunteti recunoscut ca un “key
investigator” al problemelor specifice tehnologiilor noastre
(las traducerea termenului citat la alegerea cititorulur). V-
am fi recunoscatori daca ne-ati trimite descrieri ale muncii si
preocuparilor dvs. curente, sustinute si adaugite de extrase
ale lucrarilor dvs. tehnice, recente. Ne intereseaza, de
asemenea, n cel mai inalt grad parerile dumneavoastra cu
privire la lucrarile din domeniul tehnologiilor noastre si care
necesita Tn mod normal critici sau imbunatatiri ulterioare.
Recunoastem deschis si sincer, ca cererile noastre au un
caracter general si nu-si propun sa impuna 0 anumita forma
obligatorie raspunsului dvs. Va rugam sa luati 1n
considerare doar propriile dvs. criterii si rationamente n
ceeace priveste raspunsul dvs., Tn speranta ca va va rapi cat
mai putin timp. Asteptam cu placere raspunsul dvs., cu
sinceritate, Henry C. Pusey, Director.



EPILOG

Ccand am primit scrisoarea amintita mal Sus,
eram Conferentiar la Institutul de Marina
“Mircea cel Batran” din Constanta. Scrisoarea
imi parvenise prin filiera biroului Adjunctului
Ministrului Apararii Nationale si a Serviciului de
Contrainformatii al Armatel, 1ar raspunsul meu
la ea urma sa parcurga aceeasi filiera. Grija
Serviciilor de C.I. era justificata, tinand cont de
faptul ca Tn aceeasi perioada faceam parte si din
echipa care proiecta si testa prima torpila
electrica romaneasca, CU merite care urmau sa-mi
fle recunoscute ceva mai tarziu.
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Prima intrebare care mi-a fost adresata a fost: “De unde Ti
cunosc ?”. La raspunsul meu negativ, a urmat a doua intrebare:
“De unde ma cunosc el ?” Si atunci am pus “alaturat”
scrisoarea primita cu articolele din reviste, de unde se vedea ca
adresa destinatarului scrisorii era aceeasi cu cea de la subsolul
primei pagini a articolelor publicate. Tn felul acesta m-am putut
justifica si am raspuns linistit la scrisoarea primita.

A GENERAL MODEL FOR THE CALCULATION OF THICK PLATES

(AND RODS)
SHOCK AND VIBRATION INFORMATION CENTER

Naval Research Laboratory by G. KUMBETLIAN *
Washington, D.C. 2AXX 20375

This paper presents a general theoretical model for the calculation of thick plates (and
" reds) under biharmonic loads, which satisfies the large majority of loads met with in
practice.

29 January

Mr, G. Kumbetian

Marine Institute 1, GENERAL CONSIDERATION
Constanta, Rumania Bk v v 5o 3
: * Marine Institute, Copstan|a

Dear Mr, Kumbetian Rev. Roum, Sci. Techn.—Méc. Appl., Tome 23, N° 2, p. 249262, Bucarest, 1978



De atunci, si
vizitele
comandantilor
flotelor
americane in
laboratorul de
Rezistenta
Materialelor si
Tensometrie
(RMT) al
Institutului de
Marina
“Mircea cel
Batran” au
devenit mai
dese.




Tn anul 2000, am publicat toate aceste rezultate intr-o carte
intitulati CALCULUL PLACILOR (TEORIE SI APLICATII),
avandu-l ca Referent Stiintific pe regretatul nostru
Presedinte, Academicianul RADU VOINEA.

REFERENT STIINTIFIC:

ACADEMICIAN RADU P. VOINEA
Presedintele Sectiei Tehnice a Academiei Roméne
Presedintele Academiei de Stiinte Tehnice din Roménia

Redactor de carte: Profuniv.dr.ing. GARABET KUMBETLIAN
Redactare computerizatii: Sef lucriri ing. GEORGETA MANDRESCU
. Redactor sef de editurii: Dr. DOINA PAULEANU

Tipar: SUNNAY ABIL

LS.B.N.: 973 -9262-82-1

Tiparul executat la Editura Fundatiei ,,Andrei Saguna” Constanta

Toate drepturile sunt rezervate
Editurii Fundatiei ”Andrei Saguna” Constanta,
str. 1907, nr. 25, tel./fax: 041/66.25.20,
E-mail: editura@tomrad.ro
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